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1. Introduction
Let A = {a0,a1, . . . ,an} ⊂ Zd be a ﬁnite subset and A the convex hull of A. We assume that the matrix A =
[a0,a1, . . . ,an] has rank d. Elements a of Zd are exponents of monomials xai = xai11 · · · x
aid
d , i = 0,1, . . . ,n. These monomials
of A deﬁne a map
ϕA :
(
C
∗)d → Pn
x → [xa ∣∣ a ∈ A], (1.1)
where C∗ = C \ {0}. Let XA be the Zariski closure of the image of ϕA in Pn . Note that XA contains a torus (the image
of (C∗)d under the map (1.1)), which is Zariski dense by the deﬁnition of XA . Furthermore, the action of this torus on itself
extends to an action on XA . It means that XA is a toric variety [3, §3]. This differs from the deﬁnition of “toric variety” in
the algebraic geometry literature (cf. [4], [5, §4]) in that we do not require toric varieties to be normal.
The toric ideal IA is generated by all homogeneous polynomials of C[za | a ∈ A] vanishing on ϕA((C∗)n). Sturmfels
[13, Lemma 4.1] proved that toric ideal IA is generated by homogeneous binomials as
Theorem 1. The toric ideal IA is the linear span of all homogeneous binomials zu − zv with
IA =
〈
zu − zv ∣∣ u,v ∈ Nn+1, Au = Av〉. (1.2)
A weight vector (or weight) w = (wa | a ∈ A) ∈ Rn+1 determines a term order for C[za | a ∈ A] and admits a regular
triangulation of A if w is suﬃciently generic. Regular triangulations are very interesting in combinatorics. Many mathe-
maticians have studied the algebraic geometry and combinatorics of toric varieties, toric ideals and regular triangulations.
Sturmfels [12] found that the radical of the initial ideal of IA induced by w is the famous Stanley–Reisner ideal of reg-
ular triangulation induced by w . In [2,7], the algebraic geometry and combinatorics of regular triangulations and related
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Fig. 1. Regular polyhedral subdivision Tw of A and regular subdivision of A induced by w .
polytopes (including ﬁber polytopes, Chow polytopes, state polytopes and secondary polytopes) were studied intensively.
Gel’fand et al. and Sturmfels also surveyed the combinatorics of regular triangulations, toric ideals and toric varieties in
the books [6,13]. Cox [3,4] and Sottile [10] gave introductory tutorials for the theory and potential applications of toric
varieties. In [11], the application of degenerations of toric varieties to real solution counting of polynomial systems was in-
troduced. The non-negative part of a toric variety is the closure in XA(R) of the identity component Rn> of (R∗)n , which can
be applied to geometric modeling. Krasauskas [8] deﬁned the toric Bézier patches, including classical Bézier triangles and
tensor-product as special cases, by using the non-negative part of toric variety. García-Puente, Sottile and Zhu [9] explained
the geometric meaning of control surfaces of Bézier patches using the toric degenerations of the non-negative part of toric
varieties.
In this paper, we study the correspondence between degenerations of the toric variety XA and the toric ideal IA which
are induced by a weight w . In Section 2, we recall the deﬁnitions of regular subdivision and toric degenerations ﬁrstly
and then present the main results of the paper. Lastly, the main result of the paper is Theorem 2, whose proof is given in
Section 3.
2. Regular subdivision and toric degenerations
Our description of a regular subdivision of A follows the presentation in [9], which differs slightly from the regular
triangulation presented in [6,12,13]. (Because subdivision has a different meaning in geometric modeling, the authors instead
use the term regular decomposition there.) We use the weight w = (wa | a ∈ A) ∈ Nn+1 to lift the vector conﬁguration A
into next dimension Rd+1 (see Fig. 1(a)). Consider the convex hull Pw in Rd+1 of the lifted vectors
Pw := conv
{
(a,wa)
∣∣ a ∈ A}. (2.1)
The lower facets of this polytope are those facets of Pw whose outward-pointing normal vector has a negative ﬁrst coordi-
nate. The union of the lower facets is the lower hull of Pw (see Fig. 1(b)). Projecting these lower facets back to Rd gives the
facets in the regular polyhedral subdivision Tw of A induced by the weight w (see Fig. 1(c)). The vertices in this subdivision
are some of the vectors in A. The faces of Tw are the images of the faces lying on the lower hull.
A subdivision S of A is a collection of subsets of A and these subsets are called faces of S . The subdivision Sw of A is
called regular subdivision of A if each face of Sw consists of the points of A whose lifts lie on a common face in the lower
hull of the lifted polytope Pw (see Fig. 1(d)). The convex hulls of these faces are required to be the polytopes and the union
of these convex hulls admits a regular polyhedral subdivision Tw of A . This means that the regular subdivision Sw of A
is induced from a weight w . A face F is a cell or vertex of Sw if its convex hull F is a d-dimensional polytope or vertex.
The intersection of any face with the convex hull F of another face F of Sw is either empty, a vertex of F , or the
points of F lying in some face of F . Example 1 shows how the regular subdivision is induced from a weight for 1-D case.
Example 1. Let A = {0,1,2,3,4,5} ⊂ Z, A = [0,5], and the weight w = (3,2,2,2,3.5,3) ∈ R6. Fig. 1(a) shows the lifted
points of A and Fig. 1(b) shows the lower facets of the lifted polytope Pw . The regular polyhedral subdivision Tw of A is
{[0,1], [1,3], [3,5]} (see Fig. 1(c)) whereas the cells of regular subdivision Sw of A are {{0,1}, {1,2,3}, {3,5}} (see Fig. 1(d)).
If each cell of a regular subdivision is composed of the vertices of a simplex, it is called a regular triangulation of A. Note
that the regular subdivision of A means that it’s a decomposition of A which differs slightly from the regular triangulation
(it’s the polyhedral subdivision in fact) deﬁned in combinatorics [6,12,13] but the regular triangulation of A is equivalent to
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the regular triangulation of A . Example 2 explains the reason why we deﬁne the regular subdivision as the decomposition
of A rather than the polyhedral subdivision of A .
Example 2. Let A = {(i, j) | i, j = 0,1,2} ⊂ Z2 and A = conv(A). Fig. 2 shows two different weight vectors that induce
the same regular polyhedral subdivision of A , but different regular subdivisions of A. The point (1,1) of A does not
participate in the regular subdivision on the right as its lift does not lie on the lower hull. The corresponding cells of
regular subdivisions are listed below
left: {(0,0), (1,0), (0,1)},{(1,0), (2,0), (2,1)},{(0,1), (0,2), (1,2)},{
(1,2), (2,1), (2,2)
}
,
{
(1,0), (0,1), (2,1), (1,2), (1,1)
}
,
right: {(0,0), (1,0), (0,1)},{(1,0), (2,0), (2,1)},{(0,1), (0,2), (1,2)},{
(1,2), (2,1), (2,2)
}
,
{
(1,0), (0,1), (2,1), (1,2)
}
.
The following description of degenerations of XA and IA follows the Sottile’s book [11]. Let Sw be a regular subdivision
of A induced by the weight w . This weight gives an action on Pn , if y = [ya | a ∈ A] ∈ Pn , then
t · y := [twa ya ∣∣ a ∈ A].
In geometric combinatorics, the limit of the family t · XA
lim
t→0 t · XA
is called toric degeneration.
The weight w induces a similar dual action on the coordinate ring C[za | a ∈ A], namely
t · za := t−wa za, a ∈ A,
where za is a variable (coordinate function on Pn).
Exponent vectors α = (αa | a ∈ A) of monomials in the coordinate ring C[za | a ∈ A] are elements of Nn+1, and w
induces a linear form on Nn+1,
w · α :=
∑
a∈A
waαa.
The initial term inw(g) of a polynomial g(z) ∈ C[za | a ∈ A] is the sum of the terms cαzα of g for which w · α is maximal
among all terms of g . For example, when w · α > w · β , then zα is the initial term inw(zα − zβ). Let w(g) be this maximal
value. Multiplying t · g by tw(g) , we see that
tw(g)
(
t · g(z))= inw(g) + h,
where h is divisible by t . Thus
lim
t→0 t
w(g)(t · g(z))= inw(g).
The initial ideal of IA is the ideal generated by the all initial terms of IA induced by w as
inw(IA) :=
〈
inw(g)
∣∣ g ∈ IA〉.
Gel’fand et al. [6,7] stated that faces of the secondary polytope of A correspond to extreme toric degenerations of IA .
Moreover, Billera and Sturmfels [2] proved that the face lattice of the secondary polytope is anti-isomorphic to the poset
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bases [1], the degeneration of IA corresponds to the initial ideal of IA induced by weight w as
Lemma 1.
lim
t→0 t · IA = inw(IA). (2.2)
Suppose F is a cell of the regular subdivision Sw of A induced by weight w and
YF := V(IF ) ∩
⋂
a/∈F
V(za) ⊂ Pn,
where
IF :=
〈
zu − zv ∣∣ u,v ∈ N#F , AFu = AFv〉⊂ C[za | a ∈ A]
is the toric ideal determined by points of F , #F is the number of points of F and AF is the matrix whose columns are the
vectors in F . It means that YF is obtained by lifting the toric variety XF to Pn by simply adding zero coordinates which
are not indexed by F .
Theorem 2. If the regular subdivision Sw of A is induced by the weight w, then
lim
t→0 t · XA = V
(
inw(IA)
)=⋃
F
YF , (2.3)
where F are the cells of Sw .
For the real non-negative part of XA , García-Puente, Sottile and Zhu [9] proved this result and applied to explain the
geometric meaning of control surfaces of toric patches. Theorem 2 extends this method to XA . We prove it in a different
way and leave the proof to the next section. On the other hand, Theorem 2 can be also stated algebraically as the following
theorem.
Theorem 3. If the regular subdivision Sw of A is induced by the weight w, then√
lim
t→0 t · IA =
√
inw(IA) =
⋂
F
(
IF + 〈za | a /∈ F〉
)
, (2.4)
where F are the cells of Sw .
Proof. The ﬁrst equality holds by Lemma 1. From Theorem 2, we see that
I
(
lim
t→0 t · XA
)
= I
(⋃
F
YF
)
= I
(⋃
F
(
V(IF ) ∩
⋂
a/∈F
V(za)
))
=
⋂
F
I
(
V(IF ) ∩
⋂
a/∈F
V(za)
)
=
⋂
F
√
IF +
∑
a/∈F
I(V(za))
=
⋂
F
(
IF + 〈za | a /∈ F〉
)
,
where F are cells of Sw . The result holds since
I
(
lim
t→0 t · XA
)
=√lim
t→0 t · IA. 
Given a triangulation S of A, the Stanley–Reisner ideal, denoted IS , is the square-free monomial ideal of C[za | a ∈ A]
corresponding to the non-faces of S:
IS :=
〈
za1 · · · zas
∣∣ {a1, . . . ,as} /∈ S〉= ⋂
δ⊂S
〈za | a /∈ δ〉, (2.5)
where δ are faces of S .
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[12,13] proved that
Theorem 4. The radical of inw(IA) is the Stanley–Reisner ideal ISw , that is√
inw(IA) = ISw . (2.6)
By Theorem 3 and noting that IF is the zero ideal if F is a cell of the regular triangulation Sw , we have√
inw(IA) =
⋂
F
(
IF + 〈za | a /∈ F〉
)=⋂
F
〈za | a /∈ F〉, (2.7)
if w is generic. The following corollary shows that Theorem 4 is the special case of Theorem 3.
Corollary 1. If Sw is the regular triangulation of A and the weight w is generic, then√
inw(IA) =
⋂
F
〈za | a /∈ F〉 = ISw , (2.8)
where F are cells of Sw .
Proof. The ﬁrst equality holds by (2.7). The second equality holds since the cells are the maximal faces of Sw . 
3. Proof of Theorem 2
By the deﬁnition of toric ideal, Theorem 1 is equivalent to the following proposition.
Proposition 1. A point z in Pn lies in XA if and only if we have
zu − zv = 0
for all u,v ∈ Nn+1 with∑a∈A ua =∑a∈A va and∑a∈A uaa =∑a∈A vaa.
Proof of Theorem 2. From (2.2), we have
lim
t→0 t · XA = limt→0 t · V(IA) = V
(
lim
t→0 t · IA
)
= V(inw(IA)). (3.1)
Thus we only need to prove the second equality of (2.3).
Suppose that a,b ∈ A are points that do not lie in a common cell of Sw . Therefore, the line segment ab meets the
interior of the convex hull conv(F) of some cell F of Sw so that there is a point common to the interiors of conv(F)
and of ab. (If a = b, so that a does not participate in Sw , then this point is just a.) It gives the equality of the convex
combination
μa+ (ρ−μ)b =
∑
c∈F
νcc, (3.2)
where all coeﬃcients are positive integers and
∑
c∈F νc = ρ . By Theorem 1, this combination gives
zμa z
ρ−μ
b −
∏
c∈F
zνcc ∈ IA. (3.3)
Since {a,b} do not lie in a common cell of Sw , the points in the interior of the lifted line segment
(a,wa)(b,wb)
lie above points of the lower hull of the lifting polytope Pw . We apply this observation to (3.2) and get
μ · wa + (ρ−μ)wb >
∑
c∈F
νcwc.
Then the initial term of binomial (3.3) is zμa z
ρ−μ
b , which lies in the initial ideal inw(IA). This means that either limt→0 t ·
XA = V(inw(IA)) ⊂ V(zazb) where {a,b} ⊂ A do not lie in a common cell of Sw , or limt→0 t · XA = V(inw(IA)) ⊂ V(za)
where a single point a ∈ A does not participate in Sw . This follows limt→0 t · XA ⊂ Pn lies in the vanishing locus of the
monomials{
za · zb
∣∣ {a,b} 
⊂ any cell F of Sw}∪ {zc | c /∈ any cell F of Sw}. (3.4)
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the set {a ∈ A | limt→0 ya 
= 0} must lie on the same cell of Sw . Then there exists some cell F of Sw such that if a /∈ F ,
then ya = 0 when t → 0 from the above analysis. We project y from Pn to Ps by simply forgetting the coordinates which
are not indexed by elements of F , where s = #F − 1. Let yF = [ya | a ∈ F ] ∈ Ps be the image of y after the projection. For
u,v ∈ Ns+1 satisfying AFu= AFv and ∑a∈F ua =∑a∈F va , we have
yuF =
∏
a∈F
(
twaua · zuaa
)= t∑a∈F waua · zu,
yvF =
∏
a∈F
(
twava · zvaa
)= t∑a∈F wava · zv.
By the deﬁnition of regular subdivision, the points {(a,wa) | a ∈ F} lie on the same face of the lower hull of Pw . Then there
exists a linear function f (x) = Bx+ c such that f (a) = wa for each a ∈ F , where B is a constant vector and c is a constant.
Therefore
t
∑
a∈F waua = t
∑
a∈F (Ba+c)ua
= tB(AFu)+c·
∑
a∈F ua
= tB(AF v)+c·
∑
a∈F va
= t
∑
a∈F wava .
z ∈ XA means that zu = zv by Proposition 1. It follows that
yuF = yvF
and yF ∈ XF by Proposition 1, where XF is toric variety deﬁned by F . Note that a /∈ F , then ya = 0 when t → 0. We have
limt→0 y ∈ YF and from this we conclude that
lim
t→0 t · XA ⊂
⋃
F
YF ,
where the union is over all cells of Sw .
Suppose F is a cell of Sw and yF ∈ YF . Replacing the coordinates 0 by twa za if a /∈ F , we map yF to Pn . Then the
image of yF lies in t · XA and the limit of this image is yF when t → 0. This implies
lim
t→0 t · XA ⊃
⋃
F
YF
and proves the statement. 
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